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We present a comprehensive derivation of linear perturbation equations for different matter species, including
photons, baryons, cold dark matter, scalar fields, massless and massive neutrinos, in the presence of a generic
conformal coupling. Starting from the Lagrangians, we show how the conformal transformation affects the dy-
namics. In particular, we discuss how to incorporate consistently the scalar coupling in the equations of the
Boltzmann hierarchy for massive neutrinos and the subsequent fluid approximations. We use the recently pro-
posed K-mouflage model as an example to demonstrate the numerical implementation of our linear perturbation
equations. K-mouflage is a new mechanism to suppress the fifth force between matter particles induced by the
scalar coupling, but in the linear regime the fifth force is unsuppressed and can change the clustering of different
matter species in different ways. We show how the CMB, lensing potential and matter power spectra are affected
by the fifth force, and find ranges of K-mouflage parameters whose effects could be seen observationally. We
also find that the scalar coupling can have the nontrivial effect of shifting the amplitude of the power spectra of
the lensing potential and density fluctuations in opposite directions, although both probe the overall clustering
of matter. This paper can serve as a reference for those who work on generic coupled scalar field cosmology, or
those who are interested in the cosmological behaviour of the K-mouflage model.
I. INTRODUCTION
The confirmation that our Universe is experiencing a phase
of accelerated expansion [see, e.g., 1–3] has provoked exten-
sive research aiming to find out an underlying driving force.
The majority of models proposed so far involve one or more
scalar fields, which experience self interactions either through
a self potential, such as the quintessence model [e.g, 4, 5], or
via non-standard kinetic terms, such as the K-essence model
[e.g., 6, 7]. If a scalar field is present, it is both theoretically
and phenomenologically interesting to assume that it inter-
acts with either matter or curvature, considerations of which
have led to the developments of coupled quintessence [e.g., 8]
and extended quintessence [e.g. 9] models, with both types of
models having a standard kinetic term for the scalar field.
The existence of a scalar field coupling to matter or curva-
ture can be problematic, because the scalar field can mediate a
so-called fifth force between matter particles, in conflict with
local gravity tests [e.g., 10]. To avoid this problem, it is of-
ten assumed that either the scalar field does not interact with
baryonic components of matter, such as in the coupled dark
energy model, or there is some mechanism to suppress the
fifth force where gravity experiments are carried out. The lat-
ter idea may sound odd, but it can be a natural consequence of
the nonlinearity of the self-interacting potential of the scalar
field. Some well known examples of such ‘screening mech-
anisms’ are the chameleon [11], dilaton [12] and symmetron
[13] mechanisms. In these models, the interaction of matter
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can give a heavy mass to the scalar field [11], or trap it to
values that make the interaction strength very weak [12, 13],
in regions of high matter density. In these models the kinetic
term of the scalar field is assumed to be standard.
Non-standard (non-canonical) kinetic terms can also natu-
rally lead to suppression of the fifth force, such as in the case
of the Dvali-Gabadadze-Poratti (DGP) [14] and the Galileon
[15, 16] models, where the matter density, or equivalently
∇2Φ, is high. This is known as the Vainshtein mechanism
[17]. Another example of a coupled scalar field with a non-
standard kinetic term is the K-mouflage model [18, 19], which
is a K-essence-type scalar field coupled to matter.
The idea of K-mouflage offers a novel perspective on the
screening of scalar interactions in dense environments. It dif-
fers from the chameleon mechanism, for which the screening
takes place in regions where the Newtonian potential is larger
than a threshold value determined by the scalar field itself. It is
also different from the Vainshtein mechanism that operates in
Galileon models, in which the screening occurs in regions of
large scalar curvature. Instead, in the case of K-mouflage, the
screening happens in regions where the gravitational acceler-
ation is large enough. The phenomenology of the K-mouflage
screening can therefore be qualitatively different from that of
the chameleon and Vainshtein screenings, and has been stud-
ied less intensively so far (see, e.g., Sec. II of [18] for a brief
comparison of these three types of screening mechanisms).
In the static regime, the existence of a K-mouflage radius,
below which the screening happens, and of a static solution
of the Klein-Gordon equation, depends crucially on the form
of the Lagrangian, M4K(σ), where σ ≡ (∇ϕ)2/2M4, M
is the dark energy scale and K(σ) is a nonlinear function
(cf. Eq. (39) below); if K(σ) = σ, the kinetic term becomes
canonical. K-mouflage models can also be extended to non-
static cosmological backgrounds for a restricted class of K-
functions. Healthy K-mouflage models are those where the
2screening can be achieved in the static regime and cosmolog-
ical solutions can be defined down to arbitrarily early cosmic
times. This implies that the potentials defined as W±(y) ≡
yK ′
(±y2/2) are monotonic and go to infinity at large posi-
tive y1. Moreover, the value of K ′
(−y2/2) must be large for
large enough y2 to suppress the scalar fifth force inside the
K-mouflage radius – the ′ above means a derivative w.r.t. to
argument of K (see [20] for more details).
Cosmologically, the effects of the scalar interaction appear
both at the background and perturbation levels. At the back-
ground level [18], healthy K-mouflage models all cross the
phantom divide in the recent past and the effective energy den-
sity of the scalar becomes negative in the distant past. This
does not lead to instabilities as the Hubble rate squared is al-
ways positive: the K-mouflage field is subdominant, i.e., cos-
mologically screened, in dense cosmological densities. At late
times, the growth of density perturbations is changed as the ef-
fective gravitational strength can either be increased (K ′ > 0)
or decreased (K ′ < 0) in a scale independent way [19]. Ex-
amples of healthy K-mouflage models are polynomials whose
higher degree monomial, K0σm, is such that K0 > 0 and m
is an odd integer, where K0 and m are model parameters, see
Eq. (127). Models with K0 < 0 have a ghost-like behaviour
and require a contrived UV cutoff at a rather low energy scale.
In this paper, we will focus on cases with either m = 2 or
m = 3, and K0 of both signs. The reader should bear in mind
that this is done for illustration purposes. Only the case with
m = 3 and K0 > 0 is both healthy and ghost-free (in both the
cosmological regime and the small-scale static regime).
In this paper, we numerically study the evolution of linear
perturbations in the K-mouflage model. One of our main goals
is to analyse the model predictions for observables such as the
CMB temperature, CMB lensing, and matter power spectra.
We shall start by deriving the perturbation equations in the
presence of a conformally coupled scalar field. Although some
of these equations have been derived in the past and are scat-
tered in the literature, we feel that a more complete and con-
sistent derivation is needed, for the following reasons:
(i) In cosmological studies, we are often interested in a uni-
versal coupling of the scalar field with all matter species, and
thus the effect of the coupled scalar field must be consistently
included for all these species. We shall do this from the La-
grangian level.
(ii) some matter species, e.g., massive neutrinos, have not
been extensively studied in the presence of a scalar coupling,
although the role played by massive neutrinos in cosmology is
increasingly becoming a topic of interest. There are previous
works along this direction, [e.g., 21, 22], but there the neutrino
perturbation equations are derived in the synchronous gauge
rather than in a more general gauge-invariant formalism, and
these works are focused on a coupling between the scalar field
and massive neutrinos only. A subtler point relates to the neu-
trino equations in the so-called fluid approximation, which
1 Here, y =
√±2σ and note that σ ∝ −(~∂ϕ)2/2 < 0, where ~∂ denotes
the spatial derivative, in the static case.
are not present in those works – this is not necessarily prob-
lematic, but we should bear in mind that standard Boltzmann
codes, such as the one used in this paper and in Ref. [21], usu-
ally silently switch to this approximation at late times for effi-
ciency considerations, and inconsistency would arise if these
approximation equations are not modified accordingly to take
into account the scalar field coupling. Here we will present the
modified equations in the fluid approximation for neutrinos.
To obtain cosmological predictions, we have modified the
CAMB code [23] to solve our linear perturbation equations. In
this paper, it is not our goal to perform a thorough exploration
of the parameter space of the K-mouflage model. Instead, we
shall focus on a number of illustrative parameter values to try
to build intuition about the regions of the parameter space that
are more likely to be ruled out, or alternatively, provide a good
fit to the data. We shall pay particular attention to the poten-
tial degeneracies between the K-mouflage parameters and the
mass of active neutrinos.
The present paper is organised as follows. In § II we will
describe the conformal transformation between the Jordan and
Einstein frames, and apply this to the Lagrangian densities of
photons, neutrinos (massless and massive), classical particles
(baryonic and cold dark matter), and general scalar fields to
derive their respective conservation equations in the Einstein
frame, where our calculations are done. The scalar field is a
K-mouflage field for this work, although some of our deriva-
tions hold generically for any coupled scalar field. In § III we
present the covariant and gauge invariant linear perturbation
equations for standard gravity and, using the results of § II, de-
rive the perturbation equations for matter species, with partic-
ular attention paid to the case of massive neutrinos. In Sec.IV
we present and discuss our numerical results. We start by de-
scribing the details of our numerical setup and then discuss
the model predictions for the CMB temperature, CMB lens-
ing and matter power spectra. Finally, we summarise our find-
ings in Sec. V, where we also briefly compare the K-mouflage
model with other popular modified gravity models.
II. EQUATIONS IN CONFORMALLY COUPLED SCALAR
FIELD COSMOLOGY
A. The general field equations
The Einstein Hilbert action is
S =
∫
d4x
√−g
[
1
2
M2PlR+ Lϕ(ϕ)
]
+ Sm, (1)
with
Sm =
∑
i
∫
d4x
√
−g˜L˜m
(
ψ˜(i)m , g˜µν
)
, (2)
where g (g˜) is the determinant of the Einstein (Jordan) frame
metric tensor gµν (g˜µν), L˜m is the matter Lagrangian den-
sity in the Jordan frame and ψ˜(i)m symbolically denotes the ith
species of matter fields. The Jordan and Einstein frame metric
tensors are related by a conformal transformation,
g˜µν = A
2(ϕ)gµν , (3)
3with A a function of the scalar field ϕ. Above and throughout,
Mpl is the reduced Planck mass, and it is related to Newton’s
constant G by M−2Pl = 8πG.
It can be shown straightforwardly that the Christoffel sym-
bols in the two frames are related by
Γλµν = Γ˜
λ
µν −
[
δλµ (lnA),ν + δ
λ
ν (lnA),µ − gµν (lnA),λ
]
,(4)
where a comma denotes the partial derivativeϕ,µ ≡ ∂ϕ/∂xµ,
and ϕ,µ ≡ gµνϕ,ν .
In the Jordan frame, matter is uncoupled to the scalar field
and the energy momentum tensor for a given species (the su-
perscript (i) is dropped to lighten the notation) is defined as
T˜µν = − 2√−g˜
δ
[√−g˜L˜m
(
ψ˜, g˜µν
)]
δg˜µν
, (5)
which satisfies the following conservation equation
∇˜ν T˜ νµ = 0, (6)
where ∇˜ is the covariant derivative compatible with the metric
g˜µν . The lack of a coupling between the scalar field and matter
in the Jordan frame is an assumption of this paper. In practice,
if all matter species are coupled to the scalar field conformally
in the same way in the Einstein frame, as we assume here, one
could always redefine the Jordan-frame metric to remove the
coupling in the latter. Theories involving disformal couplings
or different couplings for different matter species can be more
complicated, and will not be covered here.
Similarly, the energy momentum tensor defined in the Ein-
stein frame is
Tµν = − 2√−g
δ [
√−gLm (ψ,A(ϕ), gµν )]
δgµν
, (7)
which satisfies the following (non)conservation equation
∇νT νµ =
d lnA(ϕ)
dϕ
T∇µϕ, (8)
where∇ is the covariant derivative compatible with the metric
gµν and T = T µµ . The energy-momentum tensor Tµν is related
to T˜µν by2
T µν = A
4(ϕ)T˜ µν , (9)
where indices for (un)tildered quantities are raised and low-
ered by the (un)tildered metric. One can check Eq. (8) by us-
ing Eqs. (4, 6, 9).
In the next few subsections, we will look at the individual
matter species and see how the above equations hold for each
of them.
2 This can be done by noticing that in Eqs. (5) and (7) the terms in the brack-
ets are the same because the matter action is invariant under the conformal
transformation. Then by using Eq. (3) it is straightforward to show that
Tµν = A2(ϕ)T˜µν .
B. Photons
In the Jordan frame, the action for photons is
Sγ =
∫
d4x
√
−g˜ 1
4α
F˜µν F˜µν , (10)
where α is the gauge coupling constant. To change this to the
Einstein frame, we define a new gauge field strength as
Fµν ≡ F˜µν , (11)
Fµν ≡ gµαgνβFαβ = A4(ϕ)g˜µαg˜νβF˜αβ = A4(ϕ)F˜µν ,
and the above action can be re-expressed as
Sγ =
∫
d4x
√−g 1
4α
FµνFµν , (12)
leaving α unchanged.
From the above actions, using Eqs. (5) and (7), one obtains
the energy momentum tensors for photons in the two frames:
T˜ µν = F˜
µλF˜νλ − 1
4
δµνF˜
αβF˜αβ , (13)
T µν = F
µλFνλ − 1
4
δµνF
αβFαβ , (14)
so that Eq. (9) is satisfied as expected.
In the case of photons, note that the trace T ≡ T µµ = 0 in
Eq. (8), so that T µν is conserved even in the Einstein frame.
C. Neutrinos
Neutrinos are fermions and their action in the Jordan frame
can be written as
Sν =
∫
d4x
√
−g˜
[
i ¯˜Ψγ˜µD˜µΨ˜− m˜ ¯˜ΨΨ˜
]
, (15)
where Ψ˜ denotes a Dirac fermion field, ¯˜Ψ its conjugate, m˜ its
mass, and γ˜µ are the Dirac matrices satisfying
γ˜µγ˜ν + γ˜ν γ˜µ = 2g˜µνI (16)
with I being the identity matrix, and
D˜µ=I
∂
∂xµ
+
1
4
ω˜λρµγ˜
λγ˜ρ (17)
is the covariant derivative of a spinor with respect to the con-
nection ω˜λρµ.
Transforming from the Jordan to the Einstein frame, from
the above relations we have
γµ = A(ϕ)γ˜µ, (18)
ωλρµγ
λγρ = ω˜λρµγ˜
λγ˜ρ − 6 [lnA(ϕ)],µ I. (19)
If we further consider the following definitions:
Ψ = A3/2(ϕ)Ψ˜, (20)
m = A(ϕ)m˜, (21)
4then the above fermion action can be recast in canonical form
as
Sν =
∫
d4x
√−g [iΨ¯γµDµΨ−mΨ¯Ψ] . (22)
Therefore, if we assume, rather reasonably, that in the Jordan
frame the bare mass of the fermionic particle, m˜, is a constant,
then in the Einstein frame the mass depends on the scalar field
ϕ, and changes in time and space via Eq. (21). Since the field
redefinitions do not affect the spinor indices of fermions, the
same reasoning applies to Majorana spinors. Majorana masses
are thus also rescaled by a factor A(ϕ) in the Einstein frame.
Let us consider now the energy momentum tensor of neutri-
nos on a FRW background. In the Jordan and Einstein frames,
the line elements for the background universe can be written
respectively as
ds˜2 = a˜2
(
dt2 − dx2) , (23)
ds2 = a2
(
dt2 − dx2) , (24)
where a˜ and a are the scale factors in these two frames, and
they satisfy
a˜ = A(ϕ)a, (25)
according to Eq. (3).
Without loss of generality, consider active neutrinos whose
mass can reach up values of a few eV [27, 28]. At early times,
before decoupling from other species, these neutrinos satisfy
the equilibrium Fermi-Dirac (FD) distribution:
f0 = f0(ǫ) =
gs
~3
1
1 + exp (ǫ/kBTa)
, (26)
where ~ is the reduced Planck constant, kB is the Boltzmann
constant, T is the equilibrium temperature at scale factor a, gs
is the number of fermionic degrees of freedom, and
ǫ ≡
√
q2 + (ma)2 (27)
is the energy of a neutrino particle with mass m and comoving
momentum q. Note that we have not specified which frame is
used in the above expression, but instead tried to make gen-
eral statements (hence no tildes are used until we start talking
about frames below).
Because neutrinos are highly relativistic when they decou-
ple, then we have ǫ ≈ q ≫ ma, and so the distribution before
decoupling can be written as
f0(q) =
gs
1 + exp (q)
, (28)
in which, and in what follows, the unit ~ = 1 is used and q is
expressed in units of kBTa. In a unperturbed universe Ta is a
constant equal to the temperature today, T0.
The decoupling of neutrinos could be approximately con-
sidered as an instantaneous process, in which case the equilib-
rium distribution above is preserved after neutrino decoupling
[29], since the momentum and the temperature redshift in the
same way. We neglect any possible effects of a scalar coupling
on the neutrino decoupling, which happens at very early times
when neutrinos are highly relativistic so that the scalar field is
essentially decoupled from it (though the neutrino mass could
still be time varying).
In a perturbed Universe, f is no longer a strict FD distribu-
tion, but instead can have time and space dependences:
f(x,q, t) = f0(q) [1 + Ψ(x,q, t)]
= f0(q) [1 + Ψ(x, q,n, t)] , (29)
in which Ψ (not to be confused with the fermion field above)
denotes the deviation from the FD distribution. In addition to
the spatial and time dependences, f also depends on q, in par-
ticular its direction n.
The components of the energy momentum tensor are given
by
T 00 = a
−4
∫
dΩdqq2ǫf0(q) [1 + Ψ(x, q,n, t)] , (30)
T 0i = a
−4
∫
dΩdqq3nif0(q)Ψ(x, q,n, t), (31)
T ij = −a−4
∫
dΩdq
q4
ǫ
ninjf0(q) [1 + Ψ(x, q,n, t)] ,(32)
in which ni is the unit vector in the ith direction and dΩ is the
solid angle of the volume element in momentum space, d3q.
One important observation here is that, ǫ in these expressions
depends on the combination am = a˜m˜, such that the integra-
tions above are the same in both the Jordan and the Einstein
frames. Consequently, Eq. (9) is satisfied for both massive and
massless neutrinos (as it should be), because ǫ˜ = ǫ, and the
only transformation of T µν between the Einstein and Jordan
frames in the above equations is through the scale factor a
therein.
Recall that T µν is not conserved in the Einstein frame, even
though it has the same functional form as T˜ µν (though with the
quantities expressed in the Einstein frame). This is because in
this frame the mass of the neutrinos depends explicitly on ϕ
(cf. Eq. (21)). For massless neutrinos, on the other hand, due to
the vanishing trace of the energy-momentum tensor, we have
that ∇˜ν T˜ νµ = ∇νT νµ = 0.
D. Dark matter and baryons
In the context of cosmological structure formation, it is rea-
sonable to treat cold dark matter particles and baryons as free
(collisionless) point masses at the microscopic level, and the
Lagrangian is given by L˜ = −Γm˜, where Γ ≡ ds/dt is the
relativistic boost, with ds and dt being respectively the proper
and physical times. In the Jordan frame, the action is given by
Sm =
∫
L˜dt and can be re-expressed as
Sm = −
∫
d4xm˜
N∑
i=1
√
g˜µν
dxµ
dt
dxν
dt
δ(3)(x− yi), (33)
in which m˜ stands generally for the bare mass of the particles,
and the Dirac δ-function reflects the fact that the point mass
is located at position yi. In this expression, we have assumed
that the system contains N particles for illustration purposes.
5In the Einstein frame, the action structure remains the same,
but must be expressed in terms of the metric gµν and a re-
defined mass :
Sm = −
∫
d4xm
N∑
i=1
√
gµν
dxµ
dt
dxν
dt
δ(3)(x− yi), (34)
where m ≡ A(ϕ)m˜. As in the case of massive neutrinos, in
the Einstein frame the particle mass depends on the scalar field
and therefore can vary in both space and time.
By applying Eqs. (5, 7), one finds the energy momentum
tensor in the two frames as
T˜ µν(x) =
m˜√−g˜
N∑
i=1
[
g˜αβ
dxα
dt
dxβ
dt
]−1/2
× g˜νλdx
µ
dt
dxλ
dt
δ(3)(x− yi), (35)
T µν(x) =
m√−g
N∑
i=1
[
gαβ
dxα
dt
dxβ
dt
]−1/2
× gνλdx
µ
dt
dxλ
dt
δ(3)(x− yi). (36)
A quick inspection confirms that the above equations satisfy
Eq. (9). Note that the energy momentum tensor has mass di-
mension 4 as expected, as the 3D Dirac function δ(3)(x) has
mass dimension 3.
Equations (35, 36) hold for a number of discrete point par-
ticles, while in the real world cold dark matter and baryons are
usually collectively treated as fluids on macroscopic scales. To
this end, the standard practice is to perform a volume average
in microscopically large but macroscopically small volumes,
and the resulting energy momentum tensor describes an effec-
tive fluid. The relevant perturbed equations will be derived in
Secs. III C 1 and III C 2.
In the Einstein frame, although the particle number of non-
relativistic species is conserved, their energy-momentum ten-
sor is not, because of the varying particle mass induced by the
scalar coupling (cf. Eq. (21)). As a result, it is convenient to
separate the effects of the varying mass by writing the energy
momentum tensor for matter as
T µν ≡ A(ϕ)Tˆ µν , (37)
so that Tˆ µν is conserved at the background level. This can be
checked by substituting the above relation into Eq. (8) to get
∇µTˆ µν = −
d lnA(ϕ)
dϕ
(
Tˆ µν − Tˆ δµν
)
∇µϕ, (38)
where the covariant derivatives are still taken with respect to
the metric gµν and Tˆ = Tˆ µµ. Indeed, at the background level,
the right-hand side of Eq. (38) vanishes for nonrelativistic par-
ticles (T 00 = T ) 3. At the perturbed level, however, Tˆµν is not
3 The fact that the hatted energy momentum tensor satisfies the standard con-
servation law in background cosmology makes it more straightforward to
calculate its background density evolution.
conserved. The interpretation of this is that dark matter and
baryon particles feel a fifth force and a frictional force induced
by the scalar coupling (see Secs. III C 1 and III C 1 below).
In what follows, we will neglect the overhat of Tˆ µν and
on its components when referring to baryons and cold dark
matter, to lighten our notation. However, bear in mind that
when Tˆ µν (or T µν hereafter) enters the Einstein equation and
the scalar field equation Eq. (41), it should always be multi-
plied by an extra factor of A(ϕ) compared with the T µν for
other matter species.
E. The scalar field
The scalar field Lagrangian in Eq. (1) is already written in
the Einstein frame, and thus there is no need to change frames.
In the case of the K-mouflage field, the Lagrangian is purely
kinetic:
L(ϕ) = −M4K (σ) (39)
in which M is the characteristic mass scale of the model, and
we have defined the dimensionless variable
σ ≡ X
M4
≡ 1
2M4
∇ρϕ∇ρϕ, (40)
to lighten the notation.
By varying the action in Eq. (1) with respect to the scalar
field ϕ, one obtains the K-mouflage equation of motion
∇λ
[
Kσ(σ)∇λϕ
]
= −d lnA(ϕ)
dϕ
T (ν) −
∑
i=c,b
dA(ϕ)
dϕ
T (i),(41)
in which the subscript σ denotes partial derivative w.r.t. σ and
T (ν,c,b) are, respectively, the traces of the energy momentum
tensors for massive neutrinos, cold dark matter and baryons.
As photons and massless neutrinos are traceless, they do not
contribute to this equation. Note that, as we mentioned at the
end of the previous subsection: T (c,b) should be understood as
the hatted quantities, and so is multiplied by an extra factor of
A(ϕ) compared with T (ν), which is why it has a coefficient
of dA/dϕ instead of d lnA/dϕ.
III. LINEAR PERTURBATION EQUATIONS
In this section, applying the method of 3+1 [24] space-time
decomposition, we derive and summarise the fully covariant
and gauge invariant (CGI) linearly perturbed equations in the
K-mouflage model. We shall first present the general formal-
ism of the 3 + 1 decomposition, and then focus on the per-
turbations of the individual matter species. We pay particular
attention to the perturbations of the massive neutrinos, which
we believe have not been thoroughly explored in the past. We
hope that the treatment outlined in this section can serve as a
useful reference for future works.
6A. The 3 + 1 decomposition
The idea of 3+1 decomposition is to make spacetime splits
of physical quantities with respect to an observer’s 4-velocity,
uµ. One can define a projection tensor hµν as
hµν ≡ gµν − uµuν , (42)
which can be used to obtain covariant tensors which reside on
3-dimensional hyperspaces perpendicular to uµ. For example,
the covariant spatial derivative ∇ˆα of a tensor field, T β...γσ...λ , is
defined by the following relation
∇ˆαT β...γσ...λ ≡ hαµhβν ...hγκhρσ...hηλ∇µT ν...κρ...η . (43)
Using this, the general energy-momentum tensor of matter
and covariant derivative of the 4-velocity can be split, respec-
tively, as
Tµν = πµν + 2q(µuν) + ρuµuν − Phµν , (44)
∇µuν = σµν +̟µν + 1
3
θhµν + uµwν , (45)
in which πµν is the projected symmetric and trace-free (PSTF)
anisotropic stress, qµ is the heat flux vector, P is the isotropic
pressure, σµν the PSTF shear tensor, ̟µν ≡ ∇ˆ[µuν] the anti-
symmetric vorticity tensor, θ ≡ ∇αuα the expansion scalar4
and wµ ≡ u˙µ; the overdot denotes a time derivative defined as
φ˙ = uα∇αφ, square brackets denote antisymmetrisation and
parentheses symmetrisation of indices (below we will also use
angle brackets to denote symmetrisation and removal of the
trace part). The normalisation is such that uαuα = 1, which
is consistent with our metric sign convention (+,−,−,−).
The quantities πµν , qµ, ρ and P are usually called dynami-
cal quantities and σµν , ̟µν , θ and wµ are called kinematical
quantities. The dynamical quantities can be derived from the
energy momentum tensor Tµν , Eq. (44), as
ρ = Tµνu
µuν ,
P = −1
3
hµνTµν ,
qµ = h
ν
µu
ρTνρ,
πµν = h
ρ
µh
τ
νTρτ + Phµν . (46)
B. Einstein equations
The Einstein field equations can also be split in the 3 + 1
framework [24], to obtain a set of five propagation equations
(those which govern the time evolution of perturbation vari-
ables) and five constraint equations (those which specify the
4 θ is the full expansion scalar, and contains a background part and perturba-
tions around it. To lighten notations, in this paper we use the same symbol
θ for both the full quantity and its background part. Since we are only inter-
ested in linear perturbations, the exact meaning should be clear in a given
context – for example, when it is multiplied by a perturbation quantity then
θ means only its background part.
relations between different perturbation variables). The struc-
ture of Einstein equations,
Gµν = κTµν , (47)
with κ ≡ 8πG, holds for all models, such as the K-mouflage
model, as long as the extra terms are properly absorbed in Tµν .
Decomposing the Riemann tensor, and after linearisation, the
five constraint equations are given by
0 = ∇ˆα
(
ǫµναβu
β̟µν
)
, (48)
κqµ = −2∇ˆµθ
3
+ ∇ˆνσµν + ∇ˆν̟µν , (49)
Bµν =
[
∇ˆασβ(µ + ∇ˆα̟β(µ
]
ǫ βν)γαu
γ , (50)
∇ˆνEµν = 1
2
κ
[
∇ˆπµν + 2
3
θqµ +
2
3
∇ˆµρ
]
, (51)
∇ˆνBµν = 1
2
κ
[
∇ˆαqβ + (ρ+ P )̟αβ
]
ǫ αβµν u
ν , (52)
whereas the five propagation equations are given by
0 = θ˙ +
1
3
θ2 − ∇ˆ · w + κ
2
(ρ+ 3P ), (53)
0 = σ˙µν +
2
3
θσµν − ∇ˆ〈µwν〉 + Eµν +
k
2
πµν , (54)
0 = ˙̟ µν +
2
3
θ̟µν − ∇ˆ[µwν], (55)
0 =
κ
2
[
π˙µν +
1
3
θπµν
]
− κ
2
[
(ρ+ P )σµν + ∇ˆ〈µqν〉
]
−
[
E˙µν + θEµν − ∇ˆαBβ(µǫ βν)γαuγ
]
, (56)
0 = B˙µν + θBµν + ∇ˆαEβ(µǫ βν)γαuγ (57)
+
κ
2
∇ˆαπβ(µǫ βν)γαuγ . (58)
In these equations, ǫµναβ is the 4-dimensional covariant per-
mutation tensor, ∇ˆ ·w ≡ ∇ˆαwα (for any vector wα), and Eµν
and Bµν are, respectively, the electric and magnetic parts of
the Weyl tensor, Wµναβ , defined by Eµν ≡ uαuβWµανβ and
Bµν ≡ − 12uαuβǫ γδµα Wγδνβ .
In addition to the above equations, it is often useful to ex-
press the projected Ricci scalar, Rˆ, onto the hypersurfaces or-
thogonal to uµ, as
Rˆ = 2κρ− 2
3
θ2. (59)
The covariant spatial derivative of the projected Ricci scalar,
ηµ ≡ a∇ˆµRˆ/2, can be derived from the above equation, as
ηµ = κa∇ˆµρ− 2a
3
θ∇ˆµθ, (60)
and its time evolution is governed by the following propaga-
tion equation
η˙µ +
2θ
3
ηµ = −2aθ
3
∇ˆµ∇ˆ · w − aκ∇ˆµ∇ˆ · q. (61)
7The total energy-momentum tensor satisfies the conserva-
tion (continuity and Euler) equations,
ρ˙+ (ρ+ P )θ + ∇ˆ · q = 0, (62)
q˙µ +
4
3
θqµ + (ρ+ P )wµ − ∇ˆµP + ∇ˆνπµν = 0. (63)
In this paper, we focus on spatially-flat cosmologies, for
which the spatial curvature vanishes at the background level,
Rˆ = 0. Therefore, from Eq. (59), we obtain the first Fried-
mann equation
θ2
3
= κρ. (64)
Recall that at the background level only the zeroth-order terms
contribute to the equations. The second Friedmann equation
and the energy-conservation equation can be obtained by tak-
ing the zeroth-order parts of Eqs. (53, 62), as
θ˙ +
1
3
θ2 +
κ
2
(ρ+ 3P ) = 0, (65)
ρ˙+ (ρ+ P )θ = 0, (66)
For the purpose of facilitating the numerical calculations,
it is customary to work in k-space (Fourier space), in which
spatial partial derivatives can be replaced with products of k
(here k denotes the wave number of a given perturbation).
This also simplifies the equations. To move the equations to
Fourier space we use the following harmonic expansions for
the perturbed quantities that enter the above equations:
Eµν = −
∑
k
k2
a2
φQkµν , ∇ˆµθ =
∑
k
k2
a2
ZQkµ, ηµ =
∑
k
k3
a2
ηQkµ, wµ =
∑
k
k
a
wQkµ, σµν =
∑
k
k
a
σQkµν ,
∇ˆµρ =
∑
k
k
a
XQkµ, ∇ˆµP =
∑
k
k
a
X pQkµ, qµ =
∑
k
qQkµ, πµν =
∑
k
ΠQkµν , ∇ˆµϕ =
∑
k
k
a
ξQkµ, (67)
where Qk is the eigenfunction of the comoving spatial Lapla-
cian a2ˆ operator, which satisfies
ˆQk =
k2
a2
Qk, (68)
and Qkµ and Qkµν are respectively defined by Qkµ ≡ ak ∇ˆµQk
and Qkµν ≡ ak ∇ˆ〈µQν〉. We represent the scalar field perturba-
tion mode in Fourier space as ξ, not δϕ, to highlight the fact
that this has been obtained in a covariant way (typically, δϕ is
used in the literature to denote gauge-noninvariant scalar field
perturbations).
In terms of these harmonic expansion variables, Eqs. (49,
51, 54, 56, 60, 61) can be rewritten as
2
3
k2(σ −Z) = κqa2, (69)
k3φ = −1
2
κa2 [k(Π + χ) + 3Hq] , (70)
k(σ′ +Hσ) = k2(φ+ w)− 1
2
κa2Π, (71)
k2(φ′ +Hφ) = 1
2
κa2 [k(ρ+ P )σ + kq −Π′ −HΠ] ,(72)
k2η = κχa2 − 2kHZ, (73)
kη′ = −κqa2 − 2kHw, (74)
in whichH ≡ a′/a and a prime represents the derivative with
respect to the conformal time τ (adτ = dt, with t the physical
time).
Similarly, the conservation equations, Eqs. (62, 63), can be
written in k-space as,
χ′ + (kZ − 3Hw)(ρ+ P ) + 3H(X + X p) + kq = 0, (75)
q′ + 4Hq + (ρ+ P )kw − kX p + 2
3
kΠ = 0. (76)
In the numerical implementation of the CAMB code we use
for this study, Eqs. (75, 76) are solved numerically for individ-
ual matter species to compute χ and q for those species at any
given time (for photons and neutrinos we solve the Boltzmann
hierarchies instead of solving these equations directly; see dis-
cussions below). Then the total χ and q are used in Eqs. (69
- 74) to solve the curvature variables Z , φ, σ and η (w will
be set to 0 as a choice of frame). The anisotropic stress Π re-
ceives contributions from photons and neutrinos (both mass-
less and massive), and can be computed using the integration
of Eq. (32).
C. Perturbation equations of the individual species
In this subsection we present the linear perturbation equa-
tions for the evolution of each of the individual matter species
that we consider: cold dark matter, baryons, photons, massless
and massive neutrinos and the K-mouflage field.
1. Cold dark matter
The cold dark matter fluid is collisionless, and as a result,
generates no pressure or anisotropic stress. Hence, one obtains
the energy-momentum tensor for cold dark matter as
T (c)µν = ρ
(c)uµuν + 2u(µq
(c)
ν) , (77)
in which we have omitted the "hat" on the different compo-
nents of the tensor defined in Eq. (37). By applying Eq. (38)
8and keeping the terms that are parallel to the 4-velocity of the
observer, we obtain the continuity equation
ρ˙(c) + θρ(c) + ∇ˆ · q(c) = 0, (78)
whose background part gives the usual energy conservation
equation
˙¯ρ(c) + 3Hρ¯(c) = 0. (79)
The terms perpendicular to the observer’s 4-velocity give the
Euler equation up to linear order:
q˙(c)µ +
4
3
θq(c)µ + ρ
(c)wµ +
d lnA(ϕ)
dϕ
ϕ˙q(c)µ
−d lnA(ϕ)
dϕ
ρ(c)∇ˆµϕ = 0, (80)
in which we have dropped the overbars for θ, ρ(c) and ϕ˙, since
the context determines that these are background quantities.
The fact that cold dark matter satisfies the standard conti-
nuity equation, at both the background (cf. Eq. (79)) and the
linear perturbation (cf. Eq. (78)) level, is a consequence of the
redefinition of the energy-momentum tensor in Eq. (37). How-
ever, even after this redefinition, cold dark matter particles do
not satisfy the standard Euler equation. Instead, they experi-
ence an additional "fifth" force, as determined by the last term
of Eq. (80). In addition to the fifth force, the scalar coupling to
the cold dark matter particles induces also an additional fric-
tion term, as represented by the second last term. This implies
changes in the dark matter perturbation evolution.
In k-space, the continuity and Euler equations can be writ-
ten as
∆′(c) + kZ − 3
a′
a
w + kv(c) = 0, (81)
v′(c) +
a′
a
v(c) + kw +
d lnA(ϕ)
dϕ
(
ϕ′v(c) − kξ
)
= 0, (82)
in which we have defined q(c) ≡ ρ¯(c)v(c) and ∆(c) is the den-
sity contrast for cold dark matter. Eqs. (81, 82) are directly
used in our modified CAMB code.
2. Baryons
Baryons are similar to cold dark matter, with the difference
that they produce a non-negligible pressure at the linear per-
turbation level. The pressure, however, vanishes on the cos-
mological background. The energy momentum tensor is then
given by
T (b)µν = ρ
(b)uµuν − P (b)hµν + 2u(µq(b)ν) , (83)
and following the same steps as for cold dark matter we obtain
the continuity equation
ρ˙(b) + θ
(
ρ(b) + P (b)
)
+ ∇ˆ · q(b) = −3P (b)d lnA(ϕ)
dϕ
ϕ˙,(84)
and the modified Euler equation
q˙(b)µ +
4
3
θq(b)µ + ρ
(b)wµ − ∇ˆµP (b)
+
d lnA(ϕ)
dϕ
ϕ˙q(b)µ −
d lnA(ϕ)
dϕ
ρ(b)∇ˆµϕ = 0, (85)
up to linear order in real space. We have neglected terms such
as P (b)wµ and P (b)∇ˆµϕ, which are higher than first order in
perturbations because P (b) is a perturbed quantity (i.e. P¯ (b) =
0). On the cosmological background, taking the zeroth-order
terms, we obtain the standard energy conservation equation
˙¯ρ(b) + 3Hρ¯(b) = 0. (86)
In k-space, the continuity and Euler equations for baryons
become, respectively,
∆′(b) + kZ − 3
a′
a
w + kv(b)
+3
(
a′
a
+
d lnA(ϕ)
dϕ
ϕ′
)
c2s∆(b) = 0, (87)
v′(b) +
a′
a
v(b) + kw − kc2s∆(b)
+
d lnA(ϕ)
dϕ
(
ϕ′v(b) − kξ
)
= 0, (88)
in which we have defined the baryon sound speed squared c2s
as c2s ≡ X p,(b)/X (b), and v(b), ∆(b) are, respectively, the pe-
culiar velocity and density contrast of baryons.
Note that the above Euler equation is derived assuming no
interaction between baryons and photons. To account for this,
we simply add the term that describes the Thomson scattering
to the equation to get
0 = v′(b) +
a′
a
v(b) + kw − kc2s∆(b)
+
d lnA(ϕ)
dϕ
(
ϕ′v(b) − kξ
)
+ aneσT
ρ¯(γ)
ρ¯(b)
(
4
3
v(b) − v(γ)
)
, (89)
in which ne is the free electron number density, σT is the cross
section for Thomson scattering, v(γ) is the peculiar velocity
for the photon fluid, and ρ¯(γ) is the background energy density
of photons. Eqs. (87, 88) are used our modified CAMB code;
when the Thomson scattering is not negligible Eq. (89) is used
instead of Eq. (88).
3. Photons
As we have found in Sec. II, the photon Lagrangian density
is conformally invariant, and the photon energy momentum
tensor is conserved in the Einstein frame (the frame where we
perform our calculations). Consequently, the evolution of the
photon fluid is the same as it would be in the case of the ab-
sence of the scalar coupling. Nevertheless, for completeness,
9we simply note that the first two moments of the angular ex-
pansion of the photon distribution function lead to the follow-
ing continuity and Euler equations in real space [24]
ρ˙(γ) +
4
3
θρ(γ) + ∇ˆ · q(γ) = 0, (90)
q˙(γ)µ +
4
3
θq(γ)µ +
4
3
ρ(γ)wµ − 1
3
∇ˆµρ(γ) + ∇ˆνπ(γ)µν
−neσT
(
4ρ(γ)
3ρ(b)
q(b)µ − q(γ)µ
)
= 0, (91)
in which we have added the Thomson scattering term. As ex-
pected, at the background level, we recover the standard radi-
ation conservation equation
˙¯ρ(γ) + 4Hρ¯(γ) = 0. (92)
In k space the perturbed continuity and Euler equations be-
come
∆′(γ) +
4
3
kZ − 4a
′
a
w + kv(γ) = 0, (93)
v′(γ) +
4
3
kw − 1
3
k∆(γ) +
2
3
kπ(γ)
+aneσT
(
v(γ) −
4
3
v(b)
)
= 0, (94)
in which v(γ) ≡ q(γ)/ρ¯(γ), π(γ) ≡ Π(γ)/ρ¯(γ) (π here should
not be confused with the real space quantity πµν in Eq. (44))
and ∆(γ) is the density contrast of photons. Eqs. (93, 94) are
used directly in our modified CAMB code.
For brevity, the higher order moments of the angular expan-
sion of the photon distribution function are not shown here.
4. Massless neutrinos
Massless neutrinos are very similar to photons, except that
they do not interact with the baryons via Thomson scattering.
The real space continuity and Euler equations are therefore
given by
ρ˙(r) +
4
3
θρ(r) + ∇ˆ · q(r) = 0, (95)
q˙(r)µ +
4
3
θq(r)µ +
4
3
ρ(r)wµ − 1
3
∇ˆµρ(r) + ∇ˆνπ(r)µν = 0. (96)
We use (r) to denote massless neutrinos quantities, to distin-
guish them from the massive neutrinos ones, which we denote
by (ν). At the cosmological background level, the energy den-
sity satisfies the usual radiation conservation equation
˙¯ρ(r) + 4Hρ¯(r) = 0. (97)
In k space, the perturbed continuity and Euler equations
become
∆′(r) +
4
3
kZ − 4a
′
a
w + kv(r) = 0, (98)
v′(r) +
4
3
kw − 1
3
k∆(r) +
2
3
kπ(r) = 0, (99)
in which v(r) ≡ q(r)/ρ¯(r), π(r) ≡ Π(r)/ρ¯(r), and ∆(r) is the
density perturbation of massless neutrinos. Eqs. (98, 99) are
used directly our modified CAMB code.
For brevity, we shall not show the full hierarchy of equa-
tions satisfied by the higher-order angular moments of the
massless neutrinos distribution function.
5. Massive neutrinos
The case for massive neutrinos is slightly subtler. For typi-
cal masses within the allowed observational bounds [27, 28],
the equation-of-state parameter of massive neutrinos evolves
from w(ν) = 1/3 at earlier times (when they are highly rel-
ativistic) to w(ν) ≈ 0 at later times (once they become non-
relativistic). For this reason, we can not simply redefine their
energy momentum tensor such that ρ¯(ν) evolves as a power-
law function of the scale factor, a (as we have done for cold
dark matter and baryons). However, this fact does not make
the computation of ρ¯(ν) in the K-mouflage model any more
complicated. Indeed, it is straightforward to check that, at the
background level, Eqs. (30, 32) satisfy the conservation equa-
tions, Eq. (8), provided one takes into account the fact that
the mass, m, in these equations, is time varying. The evolu-
tion ρ¯(ν) is normally computed by working out the integrals
in Eq. (30) numerically. In our case, we do the same except
that we must replace m with A(ϕ(a))m˜, to account for the
scalar coupling (where the bare neutrino mass m˜ is known).
In this sense, the calculation of ρ¯(ν) in the K-mouflage model
does not involve any more work compared to the standard un-
coupled scenario, except for the operation of multiplying m˜
by A(ϕ(a)).
The linear perturbation evolution of massive neutrinos with
no scalar coupling is well understood [25]. Although adding a
nonminimal coupling is only a straightforward generalisation,
for completeness, we shall nevertheless summarise the main
steps of the derivation. Let us start with the geodesic equation
of a point particle in the presence of the scalar coupling (in the
Einstein frame),
dxµ
ds
∇µ
[
A(ϕ)
dxν
ds
]
=
dA(ϕ)
dϕ
∇νϕ, (100)
where ds is the proper length of the line element. In this equa-
tion, the A(ϕ) factor on the left-hand side represents the vary-
ing particle mass (or an effective frictional force), while the
A(ϕ) factor on the right-hand side is responsible for the fifth
force. In the case of non-relativistic particles, these terms cor-
respond, respectively, to the extra friction and fifth force terms
identified e.g. in Eq. (80). For highly relativistic particles, on
the other hand, the proper length vanishes, ds → 0, and the
geodesic equation reduces to:
Uµ∇µUν = 0, (101)
as in the usual uncoupled case.
In the K-mouflage model, massive neutrinos can still be de-
scribed by the collisionless Boltzmann equation in the eras we
are interested in, but are subject to an external force due to the
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scalar coupling. Up to linear order in perturbed quantities, the
Boltzmann equation is approximately given by
∂f
∂τ
+
dxi
dτ
∂f
∂xi
+
dq
dτ
∂f
∂q
= 0, (102)
where q is the magnitude of neutrino momentum (not the heat
flux), and remember that f = f(x, q,n, τ). Using Eq. (100)
to replace dq/dτ in this equation, and moving to k space, we
reach the following evolution equation for Ψ(x, q,n, τ):
Ψ′ + i
(
kˆ · nˆ
) q
ǫ
kΨ
+
d ln f0(q)
d ln q
[(
1
3
kσ − h′
)
−
(
kˆ · nˆ
)2
kσ
]
+i
(
kˆ · nˆ
) d ln f0(q)
d ln q
k
[
d lnA(ϕ)
dϕ
a2m2
qǫ
ξ − ǫ
q
w
]
= 0,(103)
where i =
√−1, kˆ and nˆ are respectively the unit vectors in
the directions of k and n, and
h′ =
1
3
kZ − a
′
a
w (104)
in a general frame.
To solve the above Boltzmann equation, one can expand the
angular dependence of Ψ in a series of Legendre polynomials
Pℓ
(
kˆ · nˆ
)
as:
Ψ(k, q,n, τ) =
∞∑
ℓ=0
(−i)ℓ(2ℓ+ 1)Ψℓ(k, q, τ)Pℓ
(
kˆ · nˆ
)
,(105)
so that each ℓ-mode satisfies the following mode equation:
0 = Ψ′ℓ +
k
2ℓ+ 1
q
ǫ
[(ℓ + 1)Ψℓ+1 − ℓΨℓ−1] + d ln f0(q)
d ln q
[
δ2ℓ
2
15
kσ − δ1ℓ ǫ
3q
kw + δ1ℓ
d lnA(ϕ)
dϕ
k
a2m2
3qǫ
ξ − δ0ℓh′
]
,(106)
in which δ0ℓ, δ1ℓ and δ2ℓ are Kronecker δ-functions. One can
check this equation by verifying, with its help, that Eqs. (30 -
32) satisfy the conservation equation, Eq. (8), to linear order.
The δ0ℓ term in the Boltzmann equation makes sure that the
local perturbations of the expansion rate [26] (recall that h′ ∝
Z , which is the k-space mode of ∇ˆθ) are properly taken into
account in the calculation of the density contrast, which shall
be expressed as an integral of Ψ0 according to Eq. (107). The
δ1ℓ terms contain the contributions from the scalar coupling
and the 4-acceleration. Note how the equation reduces to that
of massless neutrinos, when m = 0 or A(ϕ) = 1.
Eq. (106) indicates that only the ℓ = 1 mode is affected by
the scalar coupling. As ℓ = 0, 1, 2 contribute, respectively, to
the energy density, heat flux and anisotropic stress of neutrinos
(see the definition and discussion of Iℓ below), it might seem
that the scalar coupling only changes the evolution of neutrino
heat flux. We will show below that this is not the case, and that
the density and pressure of massive neutrinos are also affected
by the coupling. Eq. (106) is used in our modified CAMB code
to solve the Boltzmann hierarchy of massive neutrinos accu-
rately at early times, when the fluid approximation (discussed
in the next paragraph) is not switched on.
At late times, neutrino momenta redshift away, and the so-
called fluid approximation [26] (which involves considering
only the modes ℓ ≤ 2) is often used to speed up the numerical
calculations. The evolution equations under this approxima-
tion can be derived as follows. For each value of ℓ = 0, 1, 2
we (i) define
Iℓ ≡ 4π
ρ¯(ν)a4
∫
dqq2ǫ
(q
ǫ
)ℓ
f0(q)Ψℓ, (107)
(ii) multiply Eq. (106) with 4π/ρ¯(ν)a4, and (iii) integrate the
resulting equation over dqq2ǫ(q/ǫ)ℓf0(q). Doing so, we find
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I ′0 +
a′
a
(
J0 − 3 P¯
(ν)
ρ¯(ν)
I0
)
+ kI1 + 3
(
1 +
P¯ (ν)
ρ¯(ν)
)
h′ +
(
J0 − 3 P¯
(ν)
ρ¯(ν)
I0
)
d lnA(ϕ)
dϕ
ϕ′ = 0, (108)
I ′1 +
a′
a
(
1− 3 P¯
(ν)
ρ¯(ν)
)
I1 +
2
3
kI2 − 1
3
kJ0 +
(
1 +
P¯ (ν)
ρ¯(ν)
)
kw
+
d lnA(ϕ)
dϕ
(
1− 3 P¯
(ν)
ρ¯(ν)
)
ϕ′I1 − d lnA(ϕ)
dϕ
(
1− 4 P¯
(ν)
ρ¯(ν)
)
kξ = 0, (109)
I ′2 +
a′
a
(
2− 3 P¯
(ν)
ρ¯(ν)
)
I2 +
3
5
kI3 − 2
5
kJ1 − 2 P¯
(ν)
ρ¯(ν)
kσ +
(
2− 3 P¯
(ν)
ρ¯(ν)
)
d lnA(ϕ)
dϕ
ϕ′I2 = 0, (110)
in which we have defined
Jℓ ≡ 4π
ρ¯(ν)a4
∫
dqq2ǫ
(q
ǫ
)2+ℓ
f0(q)Ψℓ, (111)
whose evolution can be obtained by multiplying Eq. (106) by
4π/ρ¯(ν)a4 and integrating over dqq2ǫ(q/ǫ)2+ℓf0(q):
J ′0 +
a′
a
(
2− 3 P¯
(ν)
ρ¯(ν)
)
J0 + kJ1 + 15
P¯ (ν)
ρ¯(ν)
h′ +
(
2− 3 P¯
(ν)
ρ¯(ν)
)
d lnA(ϕ)
dϕ
ϕ′J0 = 0. (112)
Note that the fluid approximation is characterised by ℓ =
0, 1, 2 for Iℓ, and ℓ = 0, 1 for Jℓ. We note also that to ensure
consistency we have used the following approximation:
∫
dqf0
q4
ǫ3
a2m2 ≈
∫
dqf0
q4
ǫ
.
The above equations do not reduce to the equations for the
ℓ = 0, 1, 2moments of massless neutrinos in the limitm→ 0.
This can be confirmed by observing that, if P¯ (ν) → ρ¯(ν)/3,
then the terms that involve d lnA/dϕ do not vanish, as they
should for massless neutrinos (cf. Sec. III C 4). The reason for
this is that the fluid approximation itself relies on the assump-
tion that massive neutrinos are non-relativistic. Consequently,
the fluid approximation breaks down in the case of massless
neutrinos, for which am = 0 < q instead of am ≫ q. The
case of standard massive neutrinos with no scalar coupling, on
the other hand, can be recovered by setting A(ϕ) = 1.
One may wonder whether or not I0, J0, I1, I2 can be identi-
fied with ∆(ν), 3X p,(ν)/ρ¯(ν), v(ν) and Π(ν)/ρ¯(ν) respectively,
where ∆(ν) is the neutrino density contrast and v(ν) the pecu-
liar velocity. This is the case for standard uncoupled massive
neutrinos. However, in the coupled case the answer is no, and
one could check that the conservation equation, Eq. (8), does
not hold in this case if the above mapping is done. The reason
lies in the spatial variation of the neutrino mass m = A(ϕ)m˜,
whose contribution should be added to the components of the
perturbed energy momentum. Doing so, the above quantities
are then related as
∆(ν) = I0 +
4π
ρ¯(ν)a4
∫
dq
q2
ǫ
a2m2f0
d lnA(ϕ)
dϕ
ξ
= I0 +
(
1− 3 P¯
(ν)
ρ¯(ν)
)
d lnA(ϕ)
dϕ
ξ, (113)
X p,(ν)
ρ¯(ν)
=
1
3
J0 − P¯
(ν)
ρ¯(ν)
d lnA(ϕ)
dϕ
ξ, (114)
v(ν) = I1, (115)
Π(ν)
ρ¯(ν)
= I2 ≡ π(ν), (116)
which are valid up to the linear order in perturbations and con-
sistent with the fluid approximation. Note that the corrections
to the heat flux and anisotropic stress due to the spatial vari-
ation of the neutrino mass are at most second order in pertur-
bations and can therefore be neglected in our study.
Finally, it can be checked the completed variables, defined
in Eqs. (113 - 116), satisfy the conservation equations in the
Einstein frame, Eq. (8), up to linear order:
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∆′(ν) + 3
(
a′
a
+
d lnA(ϕ)
dϕ
ϕ′
)(X p,(ν)
ρ¯(ν)
− P¯
(ν)
ρ¯(ν)
∆(ν)
)
+
(
1 +
P¯ (ν)
ρ¯(ν)
)
kZ + kv(ν) − 3
a′
a
(
1 +
P¯ (ν)
ρ¯(ν)
)
w
−d lnA(ϕ)
dϕ
(
1− 3 P¯
(ν)
ρ¯(ν)
)
ξ′ − d
2 lnA(ϕ)
dϕ2
(
1− 3 P¯
(ν)
ρ¯(ν)
)
ϕ′ξ = 0,(117)
v′(ν) +
a′
a
(
1− 3 P¯
(ν)
ρ¯(ν)
)
v(ν) − k
X p,(ν)
ρ¯(ν)
+
2
3
kπ(ν) +
(
1 +
P¯ (ν)
ρ¯(ν)
)
kw +
d lnA(ϕ)
dϕ
(
1− 3 P¯
(ν)
ρ¯(ν)
)(
ϕ′v(ν) − kξ
)
= 0.(118)
These equations reduce to those in the case of massless neutri-
nos when P¯ (ν) → ρ¯(ν)/3 and X p,(ν) → ρ¯(ν)∆(ν)/3. More-
over, when P¯ (ν) → 0 and X p,(ν) → 0 the Euler equation
reduces to the case of non-relativistic matter, but note that this
is not the case for the continuity equation due to our redefini-
tion in Eq. (37).
Eqs. (108 - 112) are used in our modified CAMB code when
the fluid approximation is switched on at late times. Note that
CAMB switches on this approximation at different times for
different k-modes [26], based on some rough estimate of when
a given mode becomes non-relativistic. Also notice that other
Boltzmann codes may treat the fluid approximation in slightly
different ways, and special care needs to be taken if one is to
use these equations in codes other than CAMB.
D. Scalar field equation
From the Lagrangian density of the K-mouflage field spec-
ified in Eq. (39), one obtains the energy-momentum tensor for
the scalar field as
T (K)µν = Kσ∇µϕ∇νϕ−M4Kgµν , (119)
in which the superscript (K) stands for K-mouflage. Using
Eqs. (46), up to linear order, its components are given by
ρ(K) = Kσϕ˙
2 −M4K, (120)
P (K) =M4K, (121)
q(K)µ = Kσϕ˙∇ˆµϕ, (122)
π(K)µν = 0. (123)
These reduce to the results of a quintessence scalar field with
no potential when K(σ) = σ.
The background equation of motion of the scalar field can
be read from Eq. (41) as
0 = (Kσ + 2σKσσ) ϕ¨+ 3KσHϕ˙ (124)
+
d lnA(ϕ)
dϕ
(
ρ¯(ν) − 3P¯ (ν)
)
+
dA(ϕ)
dϕ
(
ρ¯(c) + ρ¯(b)
)
,
where we have omitted the overbars on quantities such as K
and ϕ, to lighten the notation. This equation is numerically
solved in our modified CAMB code to obtain the background
evolution.
The perturbed equation of motion can be obtained by taking
the covariant spatial derivative of Eq. (41), and we get
(Kσ + 2σKσσ) ∇ˆαϕ¨+
(
6σKσσ + 4σ
2Kσσσ
) ϕ¨
ϕ˙
∇ˆαϕ˙+Kσθ∇ˆαϕ˙+Kσϕ˙∇ˆαθ + 2σKσσθ∇ˆαϕ˙+Kσ∇α∇ˆ2ϕ
+
d lnA(ϕ)
dϕ
(
∇ˆαρ(ν) − 3∇ˆαP (ν)
)
+
dA(ϕ)
dϕ
(
∇ˆαρ(c) + ∇ˆαρ(b)
)
+
d2 lnA(ϕ)
dϕ2
(
ρ¯(ν) − 3P¯ (ν)
)
∇ˆαϕ+ d
2A(ϕ)
dϕ2
(
ρ¯(c) + ρ¯(b)
)
∇ˆαϕ = 0.(125)
Moving the above equation to k-space yields
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(Kσ + 2σKσσ) ξ
′′ +
[(
2Kσ − 2σKσσ − 4σ2Kσσσ
) a′
a
+
(
6σKσσ + 4σ
2Kσσσ
) ϕ′′
ϕ′
]
ξ′
+
[
Kσk
2 +
d2 lnA(ϕ)
dϕ2
(
ρ¯(ν) − 3P¯ (ν)
)
a2 +
d2A(ϕ)
dϕ2
(
ρ¯(c) + ρ¯(b)
)
a2
]
ξ
+Kσϕ
′kZ + d lnA(ϕ)
dϕ
(
ρ¯(ν)∆(ν) − 3X p,(ν)
)
a2 +
dA(ϕ)
dϕ
(
ρ¯(c)∆(c) + ρ¯
(b)∆(b)
)
a2
+(Kσ + 2σKσσ)ϕ
′w′ +
[
2
(
Kσ + 5σKσσ + 2σ
2Kσσσ
)
ϕ′′ +
(
Kσ − 4σKσσ − 4σ2Kσσσ
) a′
a
ϕ′
]
w = 0. (126)
This equation is numerically solved in our modified CAMB
code to compute the scalar field perturbations, the contribu-
tion of which, through Eqs. (120 - 123), is included in the
computation of curvature variables in Eqs. (69 - 74).
Using this equation, one could check that the total energy-
momentum tensors for matter species that couple to the scalar
field (cold dark matter, baryons and massive neutrinos) satis-
fies Eq. (8) up to linear order and are not conserved (though re-
call that the energy momentum tensors for photons and mass-
less neutrinos are not affected by this coupling and therefore
are indeed individually conserved). However, the total energy
momentum tensor, including the contribution from the scalar
field, is conserved as can also be easily checked. Such a check
of the global conservation equations constitutes a robust vali-
dation of the equations derived so far.
IV. NUMERICAL RESULTS
A. Numerical implementation and model parameters
For the numerical implementation one needs to specify the
following: (i) the functional form of K(σ) in Eq. (39) and its
parameters, (ii) the functional form of A(ϕ) in Eq. (3) and the
parameters therein, and (iii) the value of the K-mouflage mass
scale M , which appears in the definition σM4 = 12∇µϕ∇µϕ.
In this paper, we follow [18, 19] and consider
K(σ) ≡ −1 + σ +K0σm, (127)
in whichK0 is a real dimensionless parameter andm ≥ 2 a di-
mensionless integer. Note that the model contains an effective
cosmological constantM4 even though there is no explicit Λ
term in the actions Eqs. (1, 2). We consider also
A(ϕ) ≡ exp (βϕ/MPl) , (128)
where β is a another dimensionless model parameter that de-
termines the strength of the coupling. Note that if β = 0, then
A(ϕ) = 1, which corresponds to the standard uncoupled case.
For numerical considerations, it is more convenient to treat
the scalar field with units of MPl, i.e., we make the following
field redefinition:
ϕ← ϕ/MPl. (129)
We can also write M4 as
M4 ≡ λ2M2PlH20 , (130)
in which λ is the newly-defined dimensionless parameter. The
condition that the K-mouflage field drives the current acceler-
ated cosmic expansion implies that λ ∼ O(1).
According to these considerations, the K-mouflage model is
specified by four dimensionless parameters – {K0,m, β, λ}.
However, the value of λ can be fixed by the condition that the
K-mouflage field has a present-day energy density that makes
the Universe spatially flat (non-flat models can also be consid-
ered, but these are beyond the scope of the current paper):
Ωϕ0 = 1− Ωγ0 − Ωc0 − Ωb0 − Ωr0 − Ων0, (131)
where Ωi0 ≡ ρ¯i0/ρ¯cr0 is the fractional energy density of the
i-th species today and ρ¯cr0 = 3H20M2Pl is the critical density
(note that, for generality, we have included both massless (r)
and massive (ν) neutrinos). This way the dimensionality of the
K-mouflage part of the parameter space is reduced from four
to three. The expression for σ can then be written as
σ =
1
2H20λ
2
∇µϕ∇µϕ, (132)
and the coupling function as
A(ϕ) ≡ exp (βϕ) . (133)
Accordingly, in Eqs. (124, 125, 126), ϕ and ξ are considered
as dimensionless, provided the energy densities and pressure
for dark matter, baryons and massive neutrinos are divided by
M2Pl. We will use the redefined equations in our numerical
calculations, but for brevity will not present these redefined
equations here.
For numerical convenience, linear perturbations are imple-
mented in the frame where w = 0. This is the so-called cold
dark matter frame (which is coincident with the synchronous
gauge) in standard uncoupled models, but in the coupled cases
the frame comoving with cold dark matter and the one where
w = 0 are not the same. This will not affect our conclusions,
since the choice of frame has a negligible impact on the matter
power spectrum on the scales where we have data, and since
CMB temperature anisotropies and the lensing potential are
frame-independent.
We set ξ and ξ′ to zero as our initial conditions for the scalar
field perturbation, and we have checked that changing them to
values different from zero does not affect the numerical results
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noticeably, provided the values are not too exotic (non-exotic
here means that the values chosen should guarantee that the K-
mouflage density perturbation is much smaller than its back-
ground density to remain in the linear perturbation regime).
We choose to implement the homogeneous and linear per-
turbation dynamics of the K-mouflage model into the publicly
available CAMB code [23]. We independently developed two
versions of modified CAMB code which are in excellent agree-
ment. We have also checked that our CAMB solutions satisfy
the global conservation equations at both the background and
linear perturbations levels, and for all matter species. For λ,
we adopt a simple bisection trial-and-error method to find its
value with a 10−5 accuracy. Our results also agree very well
with the numerical solver used in [18, 19]. These robust tests
make us confident about our codes and results.
In this paper, we are interested in measuring the deviations
induced by the K-mouflage coupling relative to the standard
ΛCDM paradigm. For this reason, we shall compare these two
model predictions for the fixed set of cosmological parameters{
TCMB, Neff , Ωˆc0h
2, Ωˆb0h
2, h, ns, 10
9As, τ
}
= {2.73, 3.046,0.118, 0.0221, 0.68, 0.964, 2.17, 0.864} ,
(134)
where h ≡ H0/(100km/s/Mpc) is the dimensionless present
day Hubble expansion rate, ns, As are, respectively, the scalar
spectral index and amplitude (at kpivot = 0.05 Mpc−1) of the
power spectrum of the primordial scalar fluctuations, TCMB
is the CMB monopole temperature today (in K), τ is the op-
tical depth to reionisation and Neff is the effective number
of neutrino-like relativistic degrees of freedom. Note that Ωˆb0
and Ωˆc0 are hatted and defined as Ωˆb,c ≡ ρˆb,c/ρcr. This choice
is somewhat arbitrary but will have some impact when com-
paring K-mouflage effects on the matter and lensing potential
power spectra. (The motivation for this choice is that it is the
hatted matter density ρˆ that obeys the usual continuity equa-
tion and decreases as a−3 at the background level.)
In the following section, we will focus on the perturbation
properties of our K-mouflage models. In Fig. 1, we neverthe-
less have recalled how the most relevant background quanti-
ties evolve in K-mouflage cosmology. The difference of the
Hubble rate from ΛCDM, the equation of state, and the factor
A(ϕ) − 1 are displayed for the same parameters that will be
considered in the following subsections. The Hubble rate is
lower than in ΛCDM at late times when K0 > 0 and larger
when K0 < 0. Similarly, the equation of state at late times is
either larger than -1 when K0 < 0 or smaller than −1 when
K0 > 0. Notice that in the latter case, it passes through a sin-
gularity at earlier times (but the product w(a)Ωϕ remains fi-
nite [18, 19]). Finally, we have plotted the factor A(ϕ) which
enters in the time evolution of particle masses such as elec-
trons and quarks. The mass of the proton, to leading order,
is only dependent on the QCD scale which is independent of
ϕ, as the K-mouflage field couples conformally to matter and
leaves no effect on gauge fields. The factor A(ϕ) also plays
an important role in the perturbative analysis which follows.
When K0 > 0 it becomes lower than one, and inversely for
K0 < 0.
FIG. 1. Evolution with the scale factor of the difference between the
K-mouflage and Λ-CDM Hubble rates, of the dark energy equation
of state w(a) and of A(ϕ)− 1, for the following parameter set com-
binations: K0 = 100, β = 0.2 (blue), K0 = 100, β = 0.1 (red),
K0 = −5, β = 0.2 (orange), for m = 3 (solid lines) and m = 2
(dashed lines).
Below, we analyse the impact the K-mouflage field has on
the CMB temperature, CMB lensing potential and linear mat-
ter power spectra. We shall focus on a number of combina-
tions of K-mouflage parameters to illustrate the relatively rich
phenomenology of the model, paying particular attention to
the degeneracies between the K-mouflage parameters and the
summed mass of active neutrinos,Σmν . This will help us pre-
dict the types of observational constraints that can be placed
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upon this model.
For the time being, we analyse the following three scenar-
ios: (i) K-mouflage with Σmν = 0, (ii) ΛCDM model with
Σmν 6= 0, and (iii) K-mouflage with Σmν 6= 0. Notice that
the effects of K-mouflage cannot easily be separated into the
ones coming from a modification of the background cosmol-
ogy compared to ΛCDM and a change in the perturbation
evolution. Indeed, the effects of K-mouflage are driven by the
presence of the coupling to matter β and the non-linear terms
in the Lagrangian. Setting β 6= 0 affects both the background
cosmology and perturbations. If we were to analyse only the
effect of β on perturbations by keeping the background cos-
mology similar toΛCDM (or vice versa), the equations of mo-
tion would not be consistent.
B. K-mouflage with Σmν = 0
Considering first the effects on the matter power spectrum
(bottom panels of Fig. 2), compared to the ΛCDM paradigm,
we find that the result depends qualitatively on the sign of K0.
In particular, the K-mouflage model predicts more clustering
than ΛCDM for K0 > 0, and less clustering for K0 < 0. On
super horizon scales (k . 2 × 10−4hMpc−1), the modifica-
tions are scale-independent on the matter power spectrum. On
very large scales, terms involving powers of k become negli-
gible, which effectively eliminates the k-dependence from the
equations. The modifications to ΛCDM on these large scales
are driven by the modified expansion history, time variation of
particle masses and clustering of the K-mouflage field (similar
to that of the quintessence field on horizon scales).
For k & 0.01 hMpc−1, the modifications are again scale-
independent but the size is different. This ‘plateau’ in the rela-
tive difference from ΛCDM is reached at smaller scales, if the
deviation from ΛCDM is larger. On these sub-horizon scales,
the terms involving powers of k dominate in the equations,
and the static approximation of [19] holds, in which the scalar
field density perturbation is negligible compared with the mat-
ter density perturbation (see Section III.C1 of [19]). In this
regime, the scalar field affects matter clustering through the
modified expansion history, the varying particle masses, the
fifth force, and the frictional force, which is itself a conse-
quence of varying particle masses.
The bottom panels of Fig. 2 also show that increasing the
coupling strength β leads to a stronger deviation fromΛCDM.
This can be seen by comparing the blue (β = 0.2) and the red
(β = 0.1) curves. Finally, for the K-mouflage models stud-
ied here, the effect of increasing the exponent m is to boost
the size of the modifications on all scales, if K0 > 0. How-
ever, for K0 < 0 (orange curves), we find that increasing m
increases the difference from ΛCDM on small scales, but sup-
presses it on large scales. The detailed interplay of the impact
of K0, m and β on the growth of structure gives room for de-
generate effects to arise. Some of these degeneracies might be
broken by considerations of theoretical stability [20] and/or
observational constraints with different datasets (as we dis-
cuss below).
The above results for the matter power spectrum are in good
agreement with the estimations presented in [19]. In the latter,
it is shown that if K0 > 0 is sufficiently large, then the K-
mouflage model approaches ΛCDM. We have confirmed this
result with our CAMB versions, as well. This suggests that the
data from galaxy clustering (lower left panel of Fig. 2) should
not put any upper limits on K0, given that ΛCDM currently
provides a reasonably good fit. Our results indicate that for
K0 ∼ O(100) and β ∼ O(0.1), the size of the deviation from
ΛCDM is at the level of a few percent. We have also checked
that decreasing K0 and increasing β boosts these differences
further (not shown). From this we anticipate that current and
future data should at least be able to place lower bounds on
K0 and upper bounds on β. The stringency of such bounds
can only be fully determined through a detailed exploration
of the parameter space. Nevertheless, a robust comparison be-
tween theory and galaxy clustering data requires also a proper
modelling of the effects of galaxy and halo bias, redshift space
distortions, and mode couplings on smaller scales induced by
nonlinearities in the density field. All of these can only be
properly addressed with N-body simulations, which is beyond
the scope of the present work.
Due to these complications in comparing linear theory pre-
dictions with the large scale clustering of galaxies, it is likely
that the CMB data (which is more robust and less prone to the
effects of nonlinearities) will be more useful in constraining
the K-mouflage model. The effects of the K-mouflage field on
the CMB temperature power spectrum are shown in the top
panels of Fig. 2. On small angular scales (high ℓ’s), the relative
difference from ΛCDM shows a series of oscillations that are
roughly in phase opposition for the two values of K0 shown.
These oscillations of the relative difference follow from small
horizontal shifts in the CMB power spectrum (barely visible
in the upper left panel of Fig. 2) caused by the modifications
to the expansion history in the K-mouflage model. The fact
that these oscillations are in phase opposition for K0 = 100
and K0 = −5, indicates that these two cases shift the over-
all spectrum in opposite directions. Indeed, as first shown in
[18], if K0 > 0, then the Hubble expansion rate is smaller
than in ΛCDM at late times. This shifts the spectrum towards
higher ℓ. Conversely, the spectrum gets shifted towards lower
ℓ values if K0 < 0. On large scales (low ℓ), we find again that
the deviations from ΛCDM depend qualitatively on the sign
of K0. This region of the CMB power spectrum is mostly de-
termined by the integrated Sachs-Wolfe (ISW) effect, which
is a secondary anisotropy induced on the temperature of CMB
photons as they cross time-evolving gravitational potentials.
The ISW effect is sensitive to the details of the late-time back-
ground expansion history, but in the K-mouflage models, the
fifth force can also have a strong impact on the time variation
of the potential. However, for these very large angular scales,
the cosmic variance makes it difficult for stringent constraints
to be derived. As for the case of the matter power spectrum,
changes in the values of the coupling strength β and exponent
m can amplify the size of the modifications to ΛCDM.
The K-mouflage model has also an important effect on the
lensing potential power spectrum (middle panels of Fig. 2).
For the range of ℓ-values spanned by the Planck data, we find
that the two values of K0 lead to different amplitudes for the
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spectrum, indicating that these data may be able to put strong
constraints on K0. For the parameter values shown, the dif-
ferences to ΛCDM are more pronounced at lower ℓ for which
there is currently no data available. The amplitude of the CMB
lensing potential power spectrum can also be affected by the
values of β and m, and as a result, we expect that current data
may be able to place constraints on these parameters as well.
It is often said that both the matter power spectrum and the
lensing potential power spectrum are sensitive probes of the
clustering of matter in the Universe. The linear matter power
spectrum is the Fourier transform of the two-point correlation
function of the linear density contrast of matter, δ = δρm/ρ¯m.
The lensing potential, on the other hand, is a weighted projec-
tion of the gravitational potential on the two-dimensional sky,
which is obtained by integrating along the lines of sight from
today up to the recombination epoch [32]. The CMB lensing
potential power spectrum therefore probes the matter density
perturbations, since the latter directly control the gravitational
potential via Eq. (70). Hence, it might be confusing to observe
that some of the K-mouflage parameters seem to have oppo-
site effects on the amplitudes of these two spectra. In particu-
lar, the case for K0 = −5 < 0 in Fig. 2, boosts the amplitude
of the lensing potential power spectrum, but suppresses that of
the matter power spectrum, and vice-versa forK0 = 100 > 0.
This seems contradictory since both probes are expected to be
proportional to the amount by which matter clusters.
The above apparent tension follows from a nontrivial con-
sequence of the scalar coupling in the K-mouflage model. For
all the model considered, the input cosmological parameters
Ωˆb0 and Ωˆc0 are identical and, as already mentioned, they are
defined as the fraction of hatted matter densities, scaling as
a−3 and being conserved at the background and perturbed
levels. This choice is somewhat arbitrary and alternatively we
could have normalized the models with fixed values of Ωb0
and Ωc0. Background and linear perturbations in our modified
CAMB are solved in the Einstein frame, where the hatted mat-
ter densities and perturbations (but not the density contrasts)
are multiplied by A(ϕ). Indeed, the nonmininal coupling of
nonrelativistic particles to the scalar field induce a time vari-
ation of the particle mass in the Einstein frame and this extra
scaling on the particle masses translates directly into the en-
ergy density of the matter particles, at both the background
and perturbation levels (recall the discussion about Eq. (37)
). Since the gravitational potential is related to the Einstein-
frame matter perturbations, it is also sensitive to the effects of
the coupling. On the other hand, the density contrast is the ra-
tio of two densities, thus it is not affected by the coupling and
is frame independent. This explains the opposite effect we get
on the matter and lensing potential power spectra: consider-
ing negative values of K0, the resulting fifth-force weakens
the density contrast and the matter power spectrum, but on
the other hand, A(ϕ) > 1 at z = 0 which amplifies the den-
sity perturbations sufficiently to change the sign of the devia-
tion of the gravitational potential from ΛCDM in the Poisson
equation. The amplified gravitational potential then leads to
an enhancement of the lensing potential power spectrum. A
similar conclusion can be drawn when K0 > 0. This rather
nontrivial aspect of the K-mouflage model illustrates its rich
phenomenology, and will be the focus of a more in-depth anal-
ysis in future work, in which we will present a full analysis of
the parameter space of K-mouflage models with m = 3. This
should help to disentangle the degeneracies between parame-
ters, and will be useful to determine whether the discrimina-
tory effects between lensing and matter power spectra can be
used to further constrain the model while preserving a good
agreement with CMB measurements by the Planck mission.
C. ΛCDM with Σmν 6= 0
Before analysing the effects of massive neutrinos in the K-
mouflage model, it is instructive to remind ourselves of their
role in standard ΛCDM. This is shown in Fig. 3 for three val-
ues of Σmν . We consider three active neutrinos with a degen-
erate mass spectrum, because for the current level of precision
of the data one can safely ignore the mass splittings. For fixed
Ωc0h
2 and Ωb0h2, increasing the value of Σmν increases the
expansion rate at late times, after the neutrinos become non-
relativistic. Consequently, adding massive neutrinos also leads
to the appearance of oscillations with ℓ when one takes the rel-
ative difference to a model without massive neutrinos (upper
right panel of Fig. 3). In particular, increasing Σmν shifts the
power spectrum slightly towards lower ℓ, which is opposite to
the effect of positive values of K0 displayed in Fig. 2 (note
that the oscillations induced by Σmν in the ΛCDM model are
in phase opposition to those induced byK0 > 0). This suggests
that the peak positions of the CMB temperature data might de-
termine a strong degeneracy between K0 and Σmν . The im-
pact neutrinos have on larger angular scales should be harder
to distinguish because of the weaker constraining power of the
CMB data there.
Furthermore, massive neutrinos also lower the amplitudes
of the linear matter and CMB lensing potential power spectra.
Note that here, contrary to the effects of the scalar coupling,
the changes in the amplitude of these two spectra are consis-
tent with one another. The presence of a sufficiently large frac-
tion of massive neutrinos can also lead to scale dependence
in the growth of the matter fluctuations, because of the free
streaming of massive neutrinos (cf. lower panels of Fig. 3).
D. K-mouflage with Σmν 6= 0
Figure 4 serves to confirm and illustrate some of the degen-
eracies between the K-mouflage parameters and Σmν , which
have been anticipated in the discussion above. In particular, in
terms of the high-ℓ part of the CMB temperature power spec-
trum in the K-mouflage models, we note that the presence of
massive neutrinos can considerably cancel out the oscillations
that appear in the relative difference to a ΛCDM model with-
out massive neutrinos. Following from the discussion above,
this is because the massive neutrinos and the K-mouflage pa-
rameters can shift the spectrum horizontally in opposite direc-
tions, and in such a way to preserve the position of the acoustic
peaks (pink curve in the upper right panel of Fig. 4).
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Massive neutrinos cluster less strongly than cold dark mat-
ter, and so their presence leads to an overall suppression of the
total matter clustering power. Their free streaming introduces
also scale dependences in the growth of structure, which be-
come more prominent on smaller scales. These effects could
conspire with the scale-independent boosts in the clustering
predicted by some of the K-mouflage parameter combinations
on sub-horizon scales (e.g. K0 > 0) to leave the matter power
spectrum nearly unchanged compared with ΛCDM (cf. lower-
right panel of Fig. 4 for k & 0.1h/Mpc). However, the differ-
ences in the scale-dependent features introduced by Σmν and
the K-mouflage parameters on the growth of structure leave
room for some breaking of degeneracies, although we recall,
comparisons with galaxy clustering data require a better mod-
elling of certain aspects of nonlinear structure formation.
Finally, since massive neutrinos also lower the amplitude of
the lensing potential power spectrum, then some of the boost-
ing effects of the K-mouflage field for negative values of K0
(cf. Fig. 2) can be cancelled out. However, recall that the peak
positions of the CMB are likely to determine a degeneracy be-
tween larger values of Σmν and positive values K0, not nega-
tive. As a result, combined constraints from the CMB temper-
ature and lensing spectrum have the potential to partly break
this degeneracy. For instance, the middle panels of Fig. 4 show
that increasing Σmν on the K-mouflage model with K0 > 0
(pink curve), further suppresses the amplitude of the lensing
power spectrum, compared to a ΛCDM model without mas-
sive neutrinos. Consequently, if the CMB peak positions could
cope with large massive neutrino fractions for a positive K0,
this may still lead to an amplitude of the lensing power spec-
trum that is too low to be compatible with the observations.
V. SUMMARY AND DISCUSSION
A. Summary
In this paper, we have derived the fully covariant and gauge
invariant linearly perturbed equations for cosmologies where
a scalar degree of freedom couples directly to matter. In our
derivation we have analysed, in detail, the case for each of the
species that make up the energy content of the Universe. We
aimed at being comprehensive, in the hope that the equations
presented in this paper can serve as useful references for future
works.
Although our equations are general, we have focused
specifically on the case where the scalar field is a K-mouflage
field. The Lagrangian structure of such a field is characterised
by non-canonical kinetic terms that can hide the effects of the
coupling to matter in regions where the gravitational accelera-
tion (i.e. first derivatives of the gravitational potential) exceeds
some threshold. The study presented here, however, focuses
on linear theory, for which the effects of the screening mech-
anism do not play a role. We have solved our set of equations
in a suitably modified version of the CAMB code.
One of our main goals was to determine the impact of the K-
mouflage model on observables such as the CMB temperature,
CMB lensing potential, and linear matter power spectrum. We
want to compare our results with those of the standardΛCDM
paradigm, and as a result, we have used a fixed set of cosmo-
logical parameters for both models. With this spirit, we only
allowed ourselves to vary the summed mass of the three active
neutrinos (to illustrate potential degeneracies) and the param-
eters that enter the K-mouflage Lagrangian.
We found that the coupled K-mouflage field modifies the
background dynamics and hence shifts the CMB temperature
power spectrum horizontally. This translates into a series of
oscillations when we look at the relative difference to ΛCDM.
For certain K-mouflage parameters, however, this effect can
be cancelled by having massive neutrinos. This can potentially
lead to interesting degeneracies between the modification to
gravity and neutrinos masses. The K-mouflage model can also
have a visible impact on the larger angular scales of the CMB
temperature power spectrum, through its modifications to the
ISW effect. However, it is unlikely that this signal would lead
to significant constraints, given the large size of the error bars
due to cosmic variance.
Our results show that matter clustering can also be signif-
icantly affected by the coupled K-mouflage field, especially
on sub-horizon scales, where the scalar coupling with matter
has the strongest impact. Again, massive neutrinos can cancel
out some of the effects, but introduce also scale-dependences
on the growth that might be used to break some degeneracies
and impose constraints on the model parameters. We remark
that a proper use of galaxy clustering data to constrain mod-
els of modified gravity should only be performed after a more
careful analysis of the nonlinear regime of structure formation
(see e.g. Sec. IV.D. of [33]).
The K-mouflage models which enhance (suppress) the am-
plitude of the linear matter power spectrum, seem to suppress
(enhance) the amplitude of the lensing potential power spec-
trum. This seems to be contradictory at first sight, since both
observables should probe the overall matter clustering. This is
because of a rather nontrivial effect of the scalar coupling on
the magnitude of the gravitational potentials. The latter are es-
sentially determined by the sizes of the (absolute) density per-
turbations, which are rescaled in the same way as matter parti-
cle masses. However, when one computes the density contrast
to calculate the matter power spectrum, the time dependences
in the matter density perturbation and background matter den-
sity caused by varying particle masses cancel out. This effec-
tively leads to different qualitative predictions on the ampli-
tudes of the matter and lensing potential power spectra. Such a
feature of the K-mouflage model may lead to interesting con-
straints on the model’s parameter space.
Although we have presented our results in the case of cubic
K-mouflage models (with m = 3), they are quite general as
long as the K-mouflage Lagrangian is dominated by a mono-
mial of power m > 1 with coupling constant K0. In this case,
the models which have both an early Universe behaviour with
a vanishing influence of the scalar field in the radiation era and
a static screening of the scalar interaction must satisfy K0 > 0
for odd m and K0 < 0 for even m. The latter leads to ghost
instabilities and should be discarded. In the case of odd m’s,
when K0 > 0, all the conclusions stand similarly to the cu-
bic case, in particular structure growth is enhanced while the
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lensing spectrum is reduced. Moreover, the excursion of the
field ϕ is small enough compared to the Planck scale that one
can always expand the function A(ϕ) to linear order with no
significant difference.
B. Discussion and Outlook
We conclude by briefly comparing the predictions of the K-
mouflage model with those of other recently studied modified
gravity models.
The background evolution of the covariant Galileon model
does not admit a ΛCDM limit (see e.g. [37]). In particular,
the effective dark energy equation-of-state parameter of the
Galileon field is phantom (smaller than−1) in the recent past,
which is similar to the K-mouflage model for K0 > 0 [18].
This lowers the expansion history at late times, which shifts
the CMB temperature power spectrum to higher ℓ. In the case
of the Galileon model, this feature is responsible for a strong
preference of the model for significantly large massive neu-
trino fractions (Σmν & 0.4 at∼ 6σ) [34, 35]. We have seen in
Sec. IV that a similar trend might also arise in the K-mouflage
model. However, the nontrivial effects that a scalar coupling
can have on the lensing power spectrum (cf. Sec. IV B) are
absent in the Galileon model [16]. Nonlocal formulations of
gravity [36, 40, 41] can also lead to background solutions that
are different fromΛCDM, in a way that its impact on the peak
positions might also prefer nonzero values for Σmν . On the
other hand, chameleon models typically possess free functions
that can be tuned to yield exact ΛCDM expansion histories.
On linear sub-horizon scales, the effects of the K-mouflage
and Galileon fields on the growth of structure are both scale
independent. On even smaller scales, however, the two models
react differently to the nonlinear density field due to their dif-
ferent screening mechanisms. For Galileons, N-body simula-
tions [33, 38, 39] show that the effects of the screening mech-
anism start to become important on scales k & 0.1h/Mpc,
which correspond to the typical size of dark matter clusters.
In the K-mouflage model, on the other hand, the screening
mechanism only becomes important on much smaller scales
k & 10h/Mpc [19, 20]. On scales of 0.1 hMpc−1 . k .
10hMpc−1, the nonlinear regime of structure formation in
the K-mouflage model should therefore resemble more the
case of Nonlocal gravity models [36], for which the modifi-
cations to gravity are not screened. For chameleon models,
the environmentally dependent Compton wavelength of the
chameleon field leads to a scale-dependent growth, even on
linear scales. However, the current observational constraints
on chameleon model parameters essentially make these mod-
els’ large scale structure predictions to be nearly undistin-
guishable from ΛCDM (see e.g. [42]).
As we hope to have shown above, the variety and size of
the observational signatures that characterise the K-mouflage
model leave us with an interesting playground to explore sev-
eral degeneracies with a number of cosmological parameters.
In this paper, we have focused specifically on the case of mas-
sive neutrinos, but we note that degeneracies with other pa-
rameters, such as h and Ωc0h2, could also be present, because
both have an impact on the expansion history and clustering
strength. The K-mouflage model is different from other pop-
ular modified gravity models, making it of interest for further
investigations. In particular, in a coming work we will deter-
mine its overall goodness-of-fit, by exploring the global cos-
mological parameter space with Monte Carlo Markov Chain
methods.
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FIG. 2. CMB temperature angular power spectrum (top left), lensing potential power spectrum (middle left) and matter power spectrum (bottom
left), as well as the corresponding relative difference between the K-mouflage and LCDM models (right panels), for the following parameter
set combinations: K0 = 100, β = 0.2 (blue), K0 = 100, β = 0.1 (red), K0 = −5, β = 0.2 (orange), for m = 3 (solid lines) and m = 2
(dashed lines). The ΛCDM model used in the ratios is that with Σmν = 0 (solid black). In the upper left and middle left panels, the data points
with errorbars correspond, respectively, to the CMB temperature and lensing potential power spectra as measured by the Planck satellite [30].
In the lower left panel, the data points show the SDSS-DR7 Luminous Red Galaxy (LRG) host halo power spectrum as presented in [31].
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FIG. 3. CMB temperature angular power spectrum (top left), lensing potential power spectrum (middle left) and matter power spectrum
(bottom left) for ΛCDM with Ωνh2 = 0.64 × 10−3 (dotted brown) corresponding to
∑
ν
mν = 0.06 eV, Ωνh2 = 1.28 × 10−3 (dashed
brown) corresponding to ∑
ν
mν = 0.12 eV and Ωνh2 = 1.92× 10−3 (solid brown) corresponding to
∑
ν
mν = 0.18 eV. We consider three
active neutrinos with a degenerate mass spectrum. The results for the K-mouflage model with K0 = −5, β = 0.2, m = 3 are also displayed
for comparison (solid orange line). The right panels show the corresponding relative differences to ΛCDM with Σmν = 0 (solid black). In the
upper left and middle left panels, the data points with errorbars correspond, respectively, to the CMB temperature and lensing potential power
spectra as measured by the Planck satellite [30]. In the lower left panel, the data points show the SDSS-DR7 Luminous Red Galaxy (LRG)
host halo power spectrum as presented in [31].
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FIG. 4. CMB temperature angular power spectrum (top left), lensing potential power spectrum (middle left) and matter power spectrum
(bottom left), as well as the corresponding relative difference between the K-mouflage and ΛCDM models (right panels), for K0 = 50,
β = 0.2, m = 3 and Σmν = 0.18 eV (Ωνh2 = 1.92 × 10−3, in pink). The ΛCDM model used in the ratios is that with Σmν = 0 (solid
black). For comparison, the results for the LCDM model with massive neutrinos and Ωνh2 = 1.92 × 10−3 (brown) and for the K-mouflage
model with same parameters and Σmν = 0 (blue) have been displayed. In the upper left and middle left panels, the data points with errorbars
correspond, respectively, to the CMB temperature and lensing potential power spectra as measured by the Planck satellite [30]. In the lower
left panel, the data points show the SDSS-DR7 Luminous Red Galaxy (LRG) host halo power spectrum as presented in [31].
